Abstract. We study a singular Hermitian metric of a vector bundle. First, we prove the sheaf of locally square integrable holomorphic sections of a vector bundle with a singular Hermitian metric, which is a higher rank analogy of a multiplier ideal sheaf, is coherent under some assumptions. Second, we prove a Nadel-Nakano type vanishing theorem of a vector bundle with a singular Hermitian metric. We do not use an approximation technique of a singular Hermitian metric. We apply these theorems to a singular Hermitian metric induced by holomorphic sections and a big vector bundle, and we obtain a generalization of Griffiths' vanishing theorem. Finally, we show a generalization of Ohsawa's vanishing theorem.
Introduction
The aim of this paper is to study the vanishing theorem of a vector bundle with a singular Hermitian metric. Here is a brief history of a singular Hermitian metric of a vector bundle. A singular Hermitian metric of a vector bundle is a higher rank analogy of a singular Hermitian metric of a line bundle. The origin is due to de Cataldo [deC] . After that, Berndtsson and Pȃun defined a singular Hermitian metric of a vector bundle in the different way in [BP] . We adopt the definition of a singular Hermitian metric of a vector bundle in [BP] . They also defined the notions of a positivity of a singular Hermitian metric, called positively curved. In [PT] , Pȃun and Takayama proved that a direct image sheaf of an m-th relative canonical line bundle f * (mK X/Y ) can be endowed with a positively curved singular Hermitian metric for any fibration f : X → Y. Recently by using this result, Cao and Pȃun [CP] proved Iitaka conjecture when the base space is an Abelian variety. For more details, we refer the reader to [Paun] .
Although a singular Hermitian metric of a vector bundle was investigated in many papers (for example [BP] , [PT] , [Hos] , [HPS] , [Rau] , etc.), there exist few results of vanishing theorems of vector bundles with singular Hermitian metrics. We explain the details below. Let (X, ω) be a compact Kähler manifold and (E, h) be a vector bundle with a singular Hermitian metric. In [deC] , the sheaf of locally square integrable holomorphic sections of E with respect to h, denoted by E(h), is defined to be
which is a higher rank analogy of a multiplier ideal sheaf. In this paper, we will denote by E (x) the stalk of E at x, defined by lim − − → x∈U H 0 (U, E). We consider the following problems.
Problem 1.1.
(1) Is E(h) a coherent sheaf ? (2) Does there exist a Nadel-Nakano type vanishing theorem, that is, the vanishing of the cohomology group H q (X, K X ⊗ E(h)) for any q ≥ 1 if h has some positivity ?
Unlike a multiplier ideal sheaf, we do not know if E(h) is coherent. In [deC] , de Cataldo proved E(h) is coherent and a Nadel-Nakano type vanishing theorem if h has an approximate sequence of smooth Hermitian metrics {h µ } satisfying h µ ↑ h pointwise and √ −1Θ E,h µ − ηω ⊗ Id E ≥ 0 in the sense of Nakano for some positive and continuous function η. However, h does not always have such approximate sequence (See in [Hos, Example 4.4] 
Then the sheaf E(h) is coherent.
Next we study the cohomology group H q (X, K X ⊗ E(h)) for any q ≥ 1. We prove a vanishing theorem and an injectivity theorem of vector bundles with singular Hermitian metrics under some assumptions. 
Let s be a non zero section of L. Then for any q ≥ 0, the multiplication homomorphism
is injective.
Therefore we proved a Nadel-Nakano type vanishing theorem with some assumptions. If E is a holomorphic line bundle, these theorems were proved in [Fuj12] . We point out we do not use an approximation sequence of a singular Hermitian metric to show these theorems.
Some applications are indicated as follows. First we treat a singular Hermitian metric induced by holomorpic sections, proposed by Hosono [Hos, Chapter 4] . By caluculating the curvature of this metric, we prove that we can apply Theorem 1.3 to Hosono's example. Therefore we can apply a Nadel-Nakano type vanishing theorem even if h does not have an approximate sequence such as [deC] . Second, we generalize Griffiths' vanishing theorem, that is, H q (X, K X ⊗Sym m (E)⊗ det E) = 0 holds for any m ≥ 0 and q ≥ 1 if E is an ample vector bundle. We treat the case when E is a big vector bundle. If E is a big vector bundle with some assumptions, Sym m (E)⊗det E can be endowed with a singular Hermitian metric h m satisfying the assumptions such as Theorem 1.3 (see Section 5.2). Therefore 
If h is smooth, this theorem was proved by Ohsawa [Ohs] . The organization of this paper is as follows. In Section 2, we review some of standard facts on vector bundles, singular Hermitian metrics and L 2 estimates. In Section 3, we prove Theorem 1.2. The proof is based on [Dem 12, Lemma 5] and [deC, Proposition 4.1.3] . Since h has singularities along Z, we apply the L 2 estimate only outside Z. In Section 4, we prove Theorem 1.3 and 1.4. Based on [Fuj12, Claim 1], we prove the cohomology isomorphism between the cohomology group of K X ⊗ E(h) on X and the L 2 cohomology group on Y by usingČech cohomology. From this isomorphism, it is easy to prove Theorem 1.3 and 1.4. In Section 5, we treat some applications. We treat a singular Hermitian metric induced by holomorpic sections and prove a generalization of Griffiths' vanishing theorem. In Section 6, we prove a generalization of Ohsawa's vanishing theorem by using the methods of [Ohs, Theorem 3 .1] and Section 4.
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2. Preliminary 2.1. Hermitian metrics on vector bundles. We briefly explain definitions and notations of smooth Hermitian metrics of vector bundles.
We will denote by (X, ω) a compact Kähler manifold and denote by E a holomorphic vector bundle of rank r on X. For any point x ∈ X, we take a system of local coordinate (V; z 1 , . . . , z n ) near x. Let h be a smooth metric on E and e 1 , . . . , e r be a local orthogonal holomorphic frame of E near x. We denote by
the Chern curvature tensor. For any u = 1≤ j≤n, 1≤λ≤r u jλ dz j ⊗ e λ ∈ T x X ⊗ E x , we denote by
where
Definition 2.1. [Dem, Chapter 7 §6] For any real number C, we write
We review definitions of singular Hermitian metrics. For more details, we refer the reader to [Paun, Section 2] . Let H r be the set of r × r semipositive definite Hermitian matrixs andH r be the space of semipositive, possibly unbounded Hermitian forms on C r .
Definition 2.2. [Paun, Definiton 2.8 and Definition 2.9]
(1) The singular Hermitian metric h on E is defined to be a locally measurable map with values inH r such that 0 < det h < +∞ almost everywhere. (2) Proof. We may assume u = u 1 e 1 . By [HPS, Chapter 16] , we obtain
We take a positive number M 1 such that |e *
. Since e ζ is a positive continuous function, we can take a positive
and we obtain
which completes the proof. 
We use a fact of harmonic integrals to prove Theorem 1.4. For more details, we refer the reader to [Fuj12, Section 2] or [Dem, Chapter 8] . The maximal closed extension of the∂ operator determines a densely defined closed operator∂ :
Then we obtain the following orthogonal decomposition.
Theorem 2.5. [Fuj12, Section 3] , [Dem, Chapter 8] .
holds, where∂ * ω ′ ,h is the Hilbert space adjoint of∂ and H n,q (Y, E) is the set of harmonic forms defined by
Coherentness of E(h)
We prove Theorem 1.2.
Proof. We may assume that X is a unit ball in C n , E = X × C r , and ω is a standard Euclidean metric. Let e 1 , . . . , e r be a local holomorphic frame of E on X. We take a open ball U ⊂⊂ X. It is enough to show that there exists a coherent sheaf F on U such that E(h) x = F x for any x ∈ U.
We will denote by G the space of holomorphic sections g ∈ H 0 (U, E) such that U |g| 2 h dV ω < ∞. We consider the evaluation map π : G⊗ C O U → E| U . We define F ≔ Im(π). By Noether's Lemma (see [GR, Chapter 5 §6] ), F is a coherent sheaf on U.
Claim 3.1. For any x ∈ U and any positive integer k,
We postpone the proof of Claim 3.1 and conclude the proof of Theorem 1.2. We fix x ∈ U. By the Artin-Rees lemma, there exists a positive integer l such that
holds for any k > l. Therefore by Claim 3.1, we have
By Nakayama's lemma, we obtain E(h) x = F x , which completes the proof.
We now prove Claim 3.1.
Proof. It is easy to check that
where C is some positive constant. Since ρ is a cut-off function, we obtain
Since X \ Z is complete by [Dem 82, Théorème 0.2] , there exists an E-valued (0, 0) form
by Theorem 2.4. Here we may regard∂(ρ f ) as an (n, 1) form on X by using dz
By Lemma 2.3 we have i U\Z |G i | 2 dV ω < +∞, therefore G i extends on U and G i is holomorphic on U by the Riemann extension theorem. Hence we obtain G ∈ G and G x ∈ F x . Let W ′ be the set of interior points in {z ∈ U : ρ(z) = 1}, then we have
Then F extends on W ′ and F is holomorphic on W ′ . It is obvious that
and G x ∈ F x ⊂ E(h) x . By X\Z |F| 2 h e −ϕ k dV ω < +∞ and Lemma 2.3, we have
Therefore we obtain (
Thus we have
, which completes the proof of Claim 3.1.
Vanishing theorems and injectivity theorems
Let (X, ω) be a compact Kähler manifold and (E, h) be a holomorphic vector bundle with a singular Hermitian metric on X. We assume the conditions (1) - (3) 
Proof. The proof will be divided into three steps.
Step 1 Set up. Let U = {U j } j∈Λ be a finite Stein cover of X. By Theorem 1.2, the sheaf cohomology
. If necessarily we take U j small enough, we may assume that there exist a Stein open set V j , a smooth plurisubharmonic function ϕ j on V j and a positive number C j > 0 such that 
where C ′ ≔ max i∈Λ C i .
Step 2 Construction of a homomorphism fromČech cohomology to Dolbeault cohomology. We fix c = {c
. By the definition ofČech cohomology, we have
Let {ρ i } i∈Λ be a partition of unity subordinate to U. We define an E-valued form b i 0 i 1 ...i k inductively by
We point out
hold (see [Mat, Lemma 4.2 
]).
Therefore we obtain∂b i 0 | U i 0 \Z , which is an E-valued (n, q)∂-closed form on U i 0 \ Z. Since we have δ{∂b i 0 } = 0 and
By the above construction, we obtain the homomorphism
Step 3 Construction of a homomorphism from Dolbeault cohomology toČech cohomology.
by Claim 4.3. We put u 2 ≔ δ{v i 0 i 1 } and we have∂u 2 = 0. By repeating this procedure, we obtain
Since we obtain 
It is easily to check α and β induce the isomorphism in Theorem 4.1. 
Claim 2], the multiplication homomorphism ×s :
is well-defined and injective, which completes the proof.
5. Applications 5.1. Hosono's example. In this subsection, we study a singular Hermitian metric induced by holomorphic sections, proposed by Hosono [Hos, Chapter 4] . Let s 1 , . . . , s N ∈ H 0 (X, E) be holomorphic sections such that E y is generated by s 1 (y), . . . , s N (y) for a general point y. For any point x ∈ X, we take a local coordinate (U; z 1 , . . . , z n ) near x and take a local holomorphic frame e 1 , . . . , e r of E on U. Write s i = 1≤ j≤r f i j e j , where f i j are holomorphic functions on U. A singular Hermitian metric h induced by s 1 , . . . , s N is given by
By [Hos, Example 3.6 and Proposition 4.1], h is positively curved and E(h) is a coherent sheaf. Hosono pointed out that we can easily calculate the curvature of h in the case N = r.
Lemma 5.1. In the case N = r, there exists a proper analytic subset Z such that
Proof. We take a finite Stein open covering {U i } i∈Λ . Under the condition stated above, the r ×r matrix A (i) on U i is defined by
(i) (z) < r} and W = {z ∈ X : h is not smooth at z}. Write Z ≔ ∪ i∈Λ Z i ∪ W, which is a proper analytic subset.
By an easy computation, we have
Thus, we obtain
which completes the proof.
By Lemma 5.1 and Theorem 1.3, we obtain the following corollary. 
holds for all q ≥ 1 for any holomorphic vector bundle E and a singular Hermitian metric h induced by s
We point out that such a metric h L on L as in Lemma 5.2 always exists if L is big. Now, we introduce Hosono's example [Hos, Example 4.4] . Set X = C 2 and let E = X × C Therefore, we can not apply the vanishing theorem of [deC] to this example. However we can apply Corollary 5.2 to this example. Thus our results are new results.
Remark 5.4. We ask whether there exists a proper analytic subset Z such that √ −1Θ E,h ≥ 0 on X \ Z in the sense of Nakano for any singular Hermitian metric h induced by s 1 · · · s N ∈ H 0 (X, E) in the case N > r. This calculation is very complicated and this question is open, but it is likely that the answer is "No". 5.2. Big vector bundles. We review some of the standard facts on big vector bundles.
Definition 5.5. [BKKMSU, Section 2] Let X be a smooth projective variety and E be a holomorphic vector bundle. The base locus of E is defined by Bs(E) ≔ {x ∈ X : H 0 (X, E) → E x is not surjective}, and the stable base locus of E is defined by
where S ym m (E) is the m-th symmetric power of E. Let A be an ample line bundle. We define the argumented base locus of E by
We point out B + (E) do not depend on the choice of the ample line bundle A by [BKKMSU, Remark 2.7] .
Definition 5.6. [BKKMSU, Theorem 1.1 and Section 6] (1) A vector bundle E is said to be L-big if the tautological bundle O P(E) (1) on P(E) is big.
(2) A vector bundle E is said to be V-big if B + (E) X.
We note that if E is V-big then it is L-big as well by [BKKMSU, Corollary 6.5 ]. We will denote by π : P(E) → X the canonical projection and byω a Kähler form on P(E). Inayama communicated to the author the following lemma.
Lemma 5.7. Let E be an L-big vector bundle andh be a singular Hermitian metric on O P(E) (1). We assume that there exist a positive number ǫ > 0 and a proper analytic subsetZ ⊂ P(E) such thath is smooth on P(E) \Z, π(Z) X, and
Thenh induces a singular Hermitian metric h m on
h m is a positively curved singular Hermitian metric, and
with the L 2 metric h m with respect toh. Therefore by the argument of [Ber, Theorem 1.2, Theorem 1.3, and Section 4], (1) and (3) are proved. By [HPS] and [PT] , (2) is proved.
Remark 5.8. By [BKKMSU, Proposition 3.2] , π B + (O P(E) (1)) = B + (E) holds. Therefore if E is V-big, such a metrich on O P(E) (1) as the assumption of Lemma 5.7 always exists. This corollary is a generalization of Griffiths' vanishing theorem in [Gri] .
On Ohsawa's vanishing theorem
We use the results of [Ohs] . Let Y be a complete Kähler manifold, ω ′ be a Kähler form and (E, h) be a vector bundle with a smooth Hermitian metric. Let τ be a smooth semipositive 
Now we prove Theorem 1.5.
Proof. We take a complete Kähler form ω ′ on Y ≔ X \ Z as in Section 4. The proof of Theorem 1.5 is similar to [Ohs, Theorem 3 .1] and Theorem 4.1 with a slight modification. Let U = {U j } j∈Λ be a finite Stein cover of W. By Theorem 1.2 and the Grauert direct image theorem, the sheaf cohomology H q (W, π * (K X ⊗ E(h))) is isomorphic to theČech cohomology H q (U, π * (K X ⊗ E(h))). We point out the following claim. Remark 6.3. We ask whether under the assumptions of singular Hermitian metrics as in Theorem 1.3 -1.5, we can show higher rank analogies of a generalization of Kollár-Ohsawa type vanishing theorem by Matsumura [Mat] , an injectivity theorem of higher direct images by Fujino [Fuj13] , an injectivity theorem of pseudoeffective line bundles by Fujino and Matsumura [FM] and so on. It is likely the answer is "Yes" and the proof may be similar to the original proof with a slight modification.
